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Purpose: James Clerk Maxwell is usually recognized as being the first, in 1854, to consider 13 
using inhomogeneous media in optical systems. However, some fifty years earlier Thomas 14 
Young, stimulated by his interest in the optics of the eye and accommodation, had already 15 
modeled some applications of gradient-index optics. These applications included using an 16 
axial gradient to provide spherical aberration-free optics and a spherical gradient to describe 17 
the optics of the atmosphere and the eye lens. We evaluated Young’s contributions. 18 
Method: We attempted to derive Young’s equations for axial and spherical refractive index 19 
gradients. Raytracing was used to confirm accuracy of formula. 20 
 2
Results: We did not confirm Young’s equation for the axial gradient to provide aberration-21 
free optics, but derived a slightly different equation. We confirmed the correctness of his 22 
equations for deviation of rays in a spherical gradient index and for the focal length of a lens 23 
with a nucleus of fixed index surrounded by a cortex of reducing index towards the edge. 24 
Young claimed that the equation for focal length applied to a lens with part of the constant 25 
index nucleus of the sphere removed, such that the loss of focal length was a quarter of the 26 
thickness removed, but this is not strictly correct. 27 
Conclusion: Young’s theoretical work in gradient-index optics received no acknowledgement 28 
from either his contemporaries or later authors. While his model of the eye lens is not an 29 
accurate physiological description of the human lens, with the index reducing least quickly at 30 
the edge, it represented a bold attempt to approximate the characteristics of the lens. Thomas 31 
Young’s work deserves wider recognition. 32 
Keywords: aberrations; crystalline lens; gradient index optics; historical; ophthalmic optics; Thomas 33 
Young 34 
35 
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Introduction 36 
 37 
It is well known that the human crystalline lens, like that of other vertebrates, has a gradient 38 
index structure, the nuclear refractive index exceeding that of the lens cortex. Nevertheless, in 39 
spite of substantial research, the exact form of the index gradient, and its changes with age and 40 
accommodation, remain matters of some controversy1. Credit for the first attempt to develop 41 
optical theory for modeling the characteristics of  gradient-index lenses is almost invariably 42 
given to James Clerk Maxwell  who showed, in 1854, that under restricted circumstances  43 
aberration-free imagery could be produced in a medium with a spherical gradient of refractive 44 
index2. Others have subsequently elaborated on this work3-8. Maxwell remarked “The possibility 45 
of the existence of a medium of this kind possessing remarkable optical properties, was 46 
suggested by the contemplation of the structure of the crystalline lens in fish”. However, while 47 
Maxwell deserves full credit for his well-known work, the earlier (1801-1807) studies of Thomas 48 
Young on the gradient index optics have apparently been completely neglected.   49 
     Thomas Young (1773-1830) was a pioneer in fields ranging from hearing to actuarial science. 50 
He contributed to developments in geometrical, physical and physiological optics and in optical 51 
instrumentation9-16. He was aware of variations of refractive index in the atmosphere and in the 52 
crystalline lens of the eye. His interest in the  index gradient of the lens arose, not only because 53 
of the importance of its contribution to the overall  power but also because Jesse Ramsden had 54 
suggested that the gradient, and in particular possible index-matching at the surface of the 55 
crystalline lens, might help to reduce reflections and aberrations17. This article evaluates Young’s 56 
unheralded contributions to gradient-index optics, particularly as applied to the eye. 57 
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 58 
Axial gradient-index 59 
 60 
Young modeled gradient index in two main forms, one of which appeared only in his famous 61 
1801 paper on the accommodation of the eye11 and the other of which appeared in both the paper 62 
and A Course of Lectures on Natural Philosophy and the Mechanical Arts16. In the lengthy 1801 63 
paper, the seven pages of “Dioptrical Propositions” were intended to form a theoretical 64 
foundation for the bulk of the paper, which described his work on optics of the eye18.  65 
For the form appearing only in the paper (Prop. VI, page 32), Young determined “the law by 66 
which the refraction at a spherical surface must vary, so as to collect parallel rays to a perfect 67 
focus”. If the refractive index immediately inside the surface along the axis has a relative value 68 
of m0/n to the surrounding medium and n remains the same, he suggested without proof that it 69 
was necessary that m must become, away from the axis,  70 
m(v) = √(m02  2nv)          (1) 71 
where v is the versed sine or sagitta for a radius of curvature of 1. Here n and m are not refractive 72 
indices but relate to the ratio of the refractive indices on either side of the surface so that  73 
m/n = sini/sini’ 74 
where i and i’ are the angles of incidence and refraction, respectively. Although, as so often in 75 
his work, Young failed to give details of his reasoning, it seems reasonable to assume that he 76 
meant that the gradient of index is axial, with the refractive index varying in the direction of the 77 
axis defined by the ray passing through the center of curvature: we have clarified Young’s 78 
original equation by introducing a subscript “0” for the value of m just inside the apex of the 79 
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surface. Young wrote “the same law will serve for a double convex lens, in the case of 80 
equidistant conjugate foci, substituting n for m”. This follows since, in this symmetrical 81 
situation, image-forming rays must travel parallel to the axis within the lens, independent of the 82 
lens thickness or diameter: Figure 1 shows the case when the biconvex lens is a sphere. Similar 83 
results can, of course, be achieved by using a homogeneous lens with aspheric surfaces but 84 
Young specifically stated that he was considering only spherical surfaces. 85 
We tried to derive Eq. (1), using the situation where the rays in the gradient-index image 86 
medium are straight lines parallel to the axis, with a common focal point, but obtained the 87 
slightly different equation 88 
m(v) = √[m02 - 2nv(m0 – n)]         (2) 89 
 90 
Derivation of Eq. (2) 91 
 92 
A ray AB from the first principal focus of a surface of focal length f is refracted parallel to the 93 
axis (Fig. 2). The height of the ray at the surface is h. The object side medium has constant 94 
refractive index, , and the image side medium has a variable refractive index ’(v) which is a 95 
function of the versed sine v, where  v = 1 – cos. Multiplying v by the radius of curvature of the 96 
surface gives the sagitta vr. The refractive index of the image medium is ’0 immediately inside 97 
the vertex E and it is ’(v) immediately inside the surface point B.  98 
From Snell’s law 99 
sini = ’(v)sini’ 100 
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that is, 101 
sin(u + ) = ’(v)sin 102 
or, using trigonometric addition formula sin(u + ) = sinucos + sincosu, 103 
[sinu/tan + cosu] = ’(v) 104 
As sinu = h/AB, cosu = (f + vr)/AB and tan = h/(r – vr), the last equation can be changed to 105 
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Since 109 
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we obtain 111 
2)()2(/)(/)(' vrfvrrvrfrv         (3) 112 
From Young’s use of m and n  113 
sini/sini’ = m/n = ’/          114 
or 115 
’(v)/ = m/n(v)          (4a) 116 
Replacing the left hand side of Eq. (4a) by its right hand side in Eq. (3) gives 117 
 7
)/()/()2()( 2 frvrfvvmrvn         (5) 118 
In Eq. (5), as v → 0 we have n(v) → n0 and hence 119 
)/( 00 nmrnf            (6) 120 
Substituting the right hand side of Eq. (6) for f in Eq. (5) and simplifying gives 121 
)(2)( 0
2
0 mnvmnvn           (7) 122 
Performing the raytrace with the object at infinity, the axial gradient-index on the object side 123 
with refractive indices 0 and (v), and the constant refractive index ’ on the image side, gives 124 
)(2)( 0
2
0 nmvnmvm           (2) 125 
instead of Eq. (7). This involves replacing n(v) by m(v), n0 by m0 and m by n.  126 
Note that, since the angle of incidence must be less than 90 if the ray is to enter the sphere 127 
from the constant medium, the refractive gradient is defined only to a maximum value of the 128 
versed sine max = /0’. 129 
 130 
Spherical gradient-index 131 
 132 
The second model of refractive index used by Young16 (theorem 461) was a spherical index 133 
gradient in which the refractive density of a medium varied with a given power, q, of the 134 
distance, x, from a point, P. This was initially applied with atmospheric refraction in mind, as a 135 
result of Young’s efforts to explain mirages and similar phenomena: for this purpose he was 136 
more interested in studying a relatively thin spherical shell rather than a complete sphere. For a 137 
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medium with these characteristics, using calculus (fluxions) Young determined that when 138 
considering the path of an initially oblique ray between its entry and exit points in the medium, 139 
the ratio of the total angular deviation of  the ray to the angle that it described around the center, 140 
P (i.e the angle between sphere radii passing through the entry and exit points of the ray) was q:1 141 
and that the ratio of the total angular deviation to the change in the angle that the ray made with 142 
respect to the local radius was q: q + 1. The same relationships appeared in the 1801 paper (Prop. 143 
VIII as it appeared in the corrections on pages 83-84) but with q replaced by -1/r. His proof was 144 
difficult to follow, but we confirmed its validity for the case when angles of incidence and 145 
refraction are small (see Appendix). 146 
Young used theorem 461 to explore the properties of a form of gradient-index lens 147 
consisting of a spherical nucleus of fixed refractive index surrounded by a concentric annular 148 
cortex in which the index gradually changed in a radial direction from that of the nucleus to 149 
finally match that of the surrounding medium at the outer surface of the cortex (theorem 465, 150 
pages 82-83). In Prop. VII of the paper, pages 32-33, Young11 wrote that consideration could be 151 
given to the surrounding medium being of different refractive index to inside the surface but did 152 
not pursue this possibility. Inside the nucleus the refractive index is r relative to that of the 153 
surrounding medium and in the cortex the refractive index is given by kRq where k is a constant, 154 
R is the distance from the center of the sphere in any direction and q is given by  155 
q = log(r)/[log(b) – log(a)]         (8) 156 
where b is the semi-diameter of the nucleus and a is the semi-diameter of the sphere. Figure 3 157 
shows the arrangement of the lens. Using a small-angle paraxial approximation, Young 158 
determined the focal length to be 159 
f = (q + 1)rab/[2q(rb – a)]         (9) 160 
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where this was measured relatively to the center of curvature of the surface. For the situation in 161 
which this equation might fail (q = -1 or rb = a), he provided an alternative equation 162 
f = a/[2ln(r)] 163 
Replacing Young’s r by ’/, where μ’ is the constant nuclear index and μ is the refractive index 164 
surrounding the lens, gives the refractive index distribution and the focal length as  165 
(R) = Rq/aq            (10) 166 
f = (q + 1)’/)ab/{2q[(’/)b – a]}        (9a) 167 
     We verified that Eq. (9a) was correct by tracing finite rays very close to the optical axis with 168 
the optical design program Zemax. We fitted sets of data from Eq. (10) 169 
to the form 170 
(R) =  + R2 + R4 + R6 + R8 171 
Following Smith et al19 the coefficients  to  were changed to coefficients NY,Z for the refractive 172 
index distribution  173 
N(Y, Z) = N0,0 + N0,1Z + N0,2Z2 + N0,3Z3 + N0,4Z4 + N0,5Z5 + N0,6Z6 + N0,7Z7 + N0,8Z8 + 174 
N1,0Y2 + N1,1Y2Z + N1,2Y2Z2 + N1,3Y2Z3 + N1,4Y2Z4  + N1,5Y2Z5 + N1,6Y2Z6 + 175 
N2,0Y4 + N2,1Y4Z + N2,2Y4Z2 + N2,3Y4Z3 + N2,4Y4Z4 + 176 
N3,0Y6 + N3,1Y6Z + N3,2Y6Z2 + 177 
N4,0Y8             (11) 178 
where for the gradient index at the front of the lens (Fig. 3) 179 
(Z – a)2 + Y2 = R2 180 
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and for the gradient index at the back of the lens  181 
(Z + b)2 + Y2 = R2 182 
Raytracing with the gradient-index distribution in the form of Eq. (11) obtained focal lengths 183 
within 0.1% of those obtained by Eq. (9a), confirming that the latter is correct. 184 
Figure 4 shows the refractive index variation across the lens for different values of the radius 185 
of curvature of the nucleus b when ’ is 1.5,  is 1.3333, and a is 1. Figure 5 shows q and f as a 186 
function of b. As b approaches 0, f approaches 0. For b = 1 which matches a constant refractive 187 
index, f = 4.5.  188 
As well as a sphere, Young wrote that the equation for focal length applied to a lens with 189 
part of the nucleus of the sphere removed, such that the loss of focal length was a quarter of the 190 
thickness removed. This is not strictly correct, but becomes increasingly accurate as focal length 191 
increases relative to lens dimensions (see Appendix). 192 
 193 
Discussion 194 
 195 
     As can be seen, the most detailed of Young’s refractive index models was the spherical 196 
gradient model with a nucleus of fixed index surrounded by a cortex of reducing index towards 197 
the edge. This is not an accurate physiological description of the human lens,  as in the model the 198 
index reduces least quickly at the edge (Fig. 4), whereas in reality this is the region where the 199 
lens refractive index changes most quickly20-22. However, the model represented a bold attempt 200 
to approximate the characteristics of the lens. As a model it is clearly superior to that of 201 
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Maxwell2, where only points within the lens itself are sharply imaged and the images of extended 202 
objects suffer from severe distortion. 203 
     With respect to vision, Young was clearly well aware of the effect of gradient index on the 204 
ocular lens power. For example, he stated on page 42 of his 1801 paper11:  “The ratio of 14 to 13 205 
[the refractive index of the homogeneous lens model to that of the surrounding medium] is 206 
founded on the supposition of an equable density : but, the central part being the most dense, the 207 
whole acts as a lens of smaller dimensions.” and “On the whole, it is probable that the refractive 208 
power of the centre of the human crystalline, in its living state, is to that of water nearly as 18 to 209 
17; that the water imbibed after death, reduces it to the ratio of 21 to 20 ; but that, on account of 210 
the unequable density of the lens, its effect in the eye is equivalent to a refraction of 14 to 13 for 211 
its whole size”. Young did not consider the possibility that the cornea might have a gradient of 212 
refractive index23,24, although his shell model (Theorem 461) would have been easily applicable 213 
to this situation. 214 
     As far as we can establish, Young’s theoretical work in gradient-index optics received no 215 
acknowledgement from either his contemporaries or later authors. While earlier authors had 216 
noted the probable existence of a gradient of index in the crystalline lens and had speculated on 217 
its possible effects17, none had attempted to model these theoretically.  As noted earlier, modern 218 
authorities3,6 invariably credit Maxwell as being the first to consider mathematically the  219 
possibility of using inhomogeneous media in optical systems. Young’s work in this area has 220 
probably been overlooked because the sections on gradient-index optics in his paper and in the 221 
Lectures occupied only a few pages11,16. It is interesting that even Helmholtz, who was otherwise 222 
a warm supporter of Young’s contributions to physiological optics, failed to remark on it. 223 
However, in reference to the 1801 paper Helmholtz25 remarked, somewhat ruefully, “This is a 224 
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work of astonishing perspicacity and originality, which was qualified to settle the question of 225 
accommodation at that time, but, on account of its conciseness, it is often hard to follow, and, 226 
moreover, it presupposes the most thorough knowledge of mathematical optics”.  Perhaps, then, 227 
Young’s writing style and presentation must bear some of the responsibility for the subsequent 228 
neglect of his work. 229 
 230 
     It is interesting to note that, although Young was primarily interested in the optics of the 231 
crystalline lens, it can also be claimed that he was a pioneer in the use of index gradients to 232 
improve the optics of man-made lenses. In ophthalmic applications, various proposals have since 233 
been made to use index gradients in spectacle, contact, and intraocular lenses, as an alternative or 234 
supplement to changes in surface curvature as a way of changing the local optical path through a 235 
lens e.g.26-32.  For example bifocal or varifocal lenses could be produced in this way33-36.  236 
Young’s pioneering contributions deserve wider recognition. 237 
 238 
 239 
 240 
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Appendix 247 
 248 
Theorem 461 249 
 250 
This theorem concerned a spherical gradient index in which the refractive density of a 251 
medium varied with a given power, q, of the distance, x, from a point, P. Young was more 252 
interested in studying a relatively thin, gradient-index, spherical shell,  rather than a complete 253 
sphere. The shell was assumed to separate two media having different, but constant refractive 254 
indices and the refractive index at each boundary of the shell matched that of the neighboring, 255 
constant-index medium. For a gradient-index medium with these characteristics, using calculus 256 
(fluxions) Young determined that, when considering the path of an initially oblique ray between 257 
its entry and exit points in the medium, the ratio of the total angular deviation the ray to the angle 258 
that it described around the center, P (i.e. the angle between sphere radii passing through the 259 
entry and exit points of the ray) was q: 1 and that the ratio of the total angular deviation to the 260 
change in the angle that the ray made with respect to the local radius was q: q + 1. We found 261 
Young’s rather schematic derivation hard to follow but have established that the relationships are 262 
correct through a method different from that used by Young. For clarity, we have used notation 263 
which conforms to modern custom rather than that employed by Young. In particular we use r to 264 
denote the distance from the center C of the spherical index gradient. 265 
Using Figure A1, we consider propagation through a thin spherical shell with a thickness of 266 
r and a radius of r. It is centered on C and we assume that all the angles are small. Since the 267 
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shell is thin, the path of light AB within it approximates to a straight line. Within the shell the 268 
refractive index is  + , and in the adjacent part of the inner sphere the refractive index is . 269 
For a power law index of refractive index 270 
(r) = krq 271 
where k and q are constants 272 
 = kqrq-1r 273 
and 274 
/(r) = (q/r)r          (A1) 275 
The change in direction of normals between A and B is , where for small angles 276 
DB = irr = r277 
that is, 278 
 = (ir/r)r            (A2) 279 
The angle of incidence at the second surface is ir+  280 
Using Snell’s law with small angles 281 
( + )(ir+ i' 282 
or 283 
i’ = (1 + ir+ 284 
The deviation on passing through the shell will be 285 
D = (ir+   i'           (A3) 286 
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or 287 
D = (ir+ (ir+  288 
Substituting the right hand side of Eq. (A1) for in this equation gives 289 
D =  (ir+ qrr 290 
However, since r << r, then  << ir 291 
and  292 
D =  irqrr          (A4) 293 
Comparing Eq. (A4) with Eq. (A2) gives 294 
D = -q            (A5)295 
The negative sign corresponds to the fact that the ray angle with respect to the normal is 296 
decreasing in the case illustrated (i.e.  is negative) whereas the angle  is positive and 297 
increasing. 298 
Using Eq. (A3), the change in “inclination” i of the ray with respect to the radii (normals) 299 
at A and B is 300 
i = ir i' = D  301 
As D equals -q from Eq. (A5) 302 
i =  (q + 1)          (A6) 303 
The negative sign means that the angle of inclination is reducing while  increases. 304 
Thus the ratio of the three angles is, ignoring sign, 305 
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angle of deviation: change in radius direction: change in inclination with respect to the radius :: 306 
q: 1: q + 1. 307 
What is true for one thin shell is true for both its predecessor and successor. The overall 308 
effect for each of the angles is the sum of the effects of all the thin shells. Since the ratios hold 309 
for all individual shells, they must hold for the thick shell. There is no change in direction at the 310 
entry and exit faces of the thick shell, since Young assumes index matching. However, if the 311 
refractive indices on either side of the thick shell do not match those of the outer and inner 312 
surfaces of the thick shell, there will be an additional change of ray direction at the surfaces. 313 
Thus there will be a change in the relationships. 314 
In the above situation, we have shown  decreasing with increase in r, which matches what 315 
happens in the atmosphere. If we were to consider  increasing with increase in r, as in Figure 316 
A2, we would obtain  317 
D = i'  (ir+             (A3a) 318 
and 319 
D = irqrr           (A4a) 320 
 321 
     Comparing Eq. (A4a) with Eq. (A2) gives 322 
 D = q           (A5a)323 
Considering the change in inclination iwe have, using equations (A3a) and (A5a) 324 
ir+  = i’ – D 325 
or 326 
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i = i’ – ir = D = (1 + q)        (A6a) 327 
Again we find angle of deviation: change in radius direction: change in inclination with respect 328 
to the radius :: q: 1: q + 1. 329 
 330 
Theorem 465 331 
 332 
This theorem extended the situation in Theorem 461 to consider refraction in a sphere consisting 333 
of a constant index nucleus surrounded by a thick shell, whose gradient index matches that of the 334 
surrounding medium at its outer edge and then increases to match that of the nucleus at the 335 
boundary between the shell and the nucleus according to the power law index of refractive index 336 
given in Theorem 461. Young determined the focal length of the lens. 337 
The gradient in the shell follows the same law as given for Theorem 461. We now use R 338 
instead of r for the distance of any iso-index surface from the common center of curvature, 339 
because Young used r to describe the ratio of the refractive index in the nucleus, μ’, to the 340 
refractive index in the medium surrounding the lens, μ. We have in the shell  341 
(R) = kRq 342 
Thus, since there is index matching at both surfaces of the shell 343 
(a) =  = kaq 344 
and  345 
(b) = ’ = kbq 346 
Dividing the two equations to give μ’/μ and taking logarithms yields Eq. (8) 347 
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q = log(’/)/log(b/a) = log(r)/log(b/a) 348 
From  349 
(a) =  = kaq 350 
we have  351 
k = aq 352 
Figure A3 shows Young’s ray diagram. As mentioned above, the ratio of the constant 353 
refractive index outside the sphere to that of the sphere nucleus is 1: r (Young’s notation). The 354 
ray EI passes through the center of the gradient-index sphere, where EA = b and EH = a. The 355 
object point C is chosen so that the incident ray CH, parallel to the axis, is refracted along a 356 
curved path HA by the index gradient to follow a straight path AB, parallel to CE, through the 357 
uniform-index nucleus. EF is a perpendicular to AB. Since there is mirror symmetry about EF, 358 
the ray will, after passage through the sphere, intercept the extrapolated CE at D which must be 359 
the image of C and equidistant from E. Since CH is parallel to EI in the object space, their 360 
intersection I in the image space is the second focal point. EG is a perpendicular to the 361 
extrapolated incident ray CH. The nodal and principal points evidently coincide at the center of 362 
the sphere. 363 
Note that angle EHG is the initial angle of incidence on the sphere and angle EAF is the 364 
final angle of refraction as the ray emerges from the gradient index shell. Thus the change in the 365 
angle that the ray CHAB makes with the local normal or radius on passing through the gradient 366 
index shell for the first time is EHG  EAF and the total deviation of the ray is q/(q + 1) 367 
times this difference (Theorem 461).  368 
Young asserted that if EF = s, then EG = rs. This can be deduced using the relationship5,6 369 
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(R)Rsin = constant 370 
where  is the angle that the ray makes with the normal at distance R from the center of the 371 
spherical gradient. Using Young’s symbols and considering the cases where the ray makes its 372 
first entry (R = a) and exit (R = b) from the gradient index shell: 373 
asin(GHE) = (r)bsin(FAE) 374 
But from Figure A3 375 
sin(GHE) = GE/a 376 
and  377 
sin(FAE) = FE/b 378 
Combining these equations gives  379 
GE = rFE 380 
and, if FE = s 381 
GE = rs 382 
Young used a simpler variant of this approach based on the direct application of Snell’s law, 383 
as later explained with admirable clarity by Maxwell2: “Let a transparent medium be so 384 
constituted, that the refractive index is the same at the same distance from a fixed point, then the 385 
path of any ray of light within the medium will be in one plane, and the perpendicular from the 386 
fixed point on the tangent to the path of the ray at any point will vary inversely as the refractive 387 
index of the medium at that point. 388 
“We may easily prove that when a ray of light passes through a spherical surface, separating a 389 
medium whose refractive index is 1 from another where it is 2, the plane of incidence and 390 
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refraction passes through the centre of the sphere, and the perpendiculars on the direction of the 391 
ray before and after refraction are in the ratio of 2 to 1. Since this is true of any number of 392 
spherical shells of different refractive powers, it is also true when the index of refraction varies 393 
continuously from one shell to another, and therefore the proposition is true.” 394 
Young’s own description was characteristically more terse “Since the densities are supposed to 395 
be equal at equal distances from the centre the radius must always be perpendicular to the 396 
direction of the refracting surface, and two perpendiculars falling on the direction of the ray in 397 
any two points infinitely near each other, will be the sines of incidence and refraction for the 398 
intervening surface: this perpendicular will therefore always vary inversely as the refractive 399 
density.” 400 
Thus sin(EHG) = rs/a and sin(EAF) = s/b where, if the angles are small, the angles 401 
approximate to their sines. Since AB is parallel to EC and using theorem 461, the total deviation 402 
of the ray after its first passage through the gradient index shell is 403 
ECH = [q/(q + 1)][(rs/a) – (s/b)] = [q(rsb – sa)]/[ab(q + 1)] 404 
Applying the sine rule to triangle ECH 405 
sin(ECH)/EH = sin(EHC)/CE 406 
i.e  407 
[q(rsb – sa)]/[ab(q + 1)]/a = (rs/a)/CE 408 
i.e  409 
CE = [(q + 1)rab]/[q(rb – a)] 410 
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We note further that since AB and CED are parallel and the diagram has mirror symmetry 411 
about EF 412 
HCE = IED = IDE 413 
i.e. the triangle EID is isosceles. Approximating the base angles as being very small 414 
EI = ID = ED/2= CE/2 = [(q + 1)rab]/[2q(rb – a)]       (9) 415 
     Young argued (p.83) “if AB be diminished by the removal of part of the nucleus, CG will be 416 
diminished half a much and EI one fourth”. This seems doubtful. Removal of part of the nucleus 417 
will mean that the nodal and principal points no longer coincide at the center of the sphere and 418 
hence that the basic geometry of the diagram changes. An oblique ray which is normal to the 419 
surfaces of the shell during its entry passage will not be normally incident at the surfaces during 420 
its exit passage through the shell. If we take CD as the axis, we can see that removing a slice of 421 
nuclear material with faces perpendicular to that axis will not affect the equality of the distances 422 
from the lens center of the two conjugate points C and D, so that CE and DE are both reduced by 423 
an amount equal to half the thickness of the removed material, as suggested by Young. E is now 424 
simply the center of the thinner lens, rather than being the center of curvature of all the iso-index 425 
surfaces. However, if C is an off-axis object point, as in the construction of Figure A3, a ray like 426 
CH leaving the anterior part of the gradient index shell at A with a particular angle of refraction 427 
will, as a result of the removed nuclear material, have a different angle of incidence at B on the 428 
posterior part of the shell prior its second passage and the mirror symmetry about EF will break 429 
down. Thus the focal point, I, will no longer lie at ED/2 from the lens center E, as assumed by 430 
Young. Raytracing confirms that Young’s prediction of a decrease in focal length equal to one 431 
quarter of the thickness of the material removed from the nucleus is incorrect, but that the errors 432 
involved are small (Fig. A4). 433 
 22
Figure Captions 434 
 435 
Fig. 1. Refraction through a sphere in which the refractive index varies with distance in the axial 436 
direction. The gradients indicated by arrows are in opposite directions in the two hemispheres. 437 
Two ray paths are shown for the case in which object and image are equidistant from the sphere. 438 
The heavy line indicates the sagitta for one ray. 439 
 440 
Fig. 2. A ray from the focal point is imaged at infinity by a surface and an axial gradient-index 441 
medium.  442 
 443 
Fig. 3. Parameters of gradient-index model with a spherical nucleus of radius of curvature b 444 
surrounded by a concentric, gradient-index spherical shell, or cortex, of inner radius b and outer 445 
radius of curvature a. 446 
 447 
Fig. 4. Refractive index as a function of distance from the center of a sphere of radius 1 unit, in 448 
Young’s gradient-index model of a nucleus of constant index surrounded by a gradient-index 449 
shell, for different radii b of the nucleus. The constant nuclear index μ’ is 1.5 and the surround 450 
index μ is 1.3333. 451 
 452 
Fig. 5. q and f as a function of b in Young’s gradient-index model of a nucleus of constant index 453 
surrounded by a gradient-index shell, for the case ' = 1.5, = 1.3333, and a = 1.0. 454 
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 455 
Fig. A1. Refraction from a thin spherical shell of refractive index  +  to a medium of 456 
refractive index  ( is negative). 457 
 458 
Fig. A2. Refraction from a thin spherical shell of refractive index  +  to a medium of 459 
refractive index  ( is positive). 460 
 461 
Fig. A3a. Young’s figure accompanying Theorem 465. 462 
 463 
Fig. A3b. Representation of Figure A3a showing more parameters. 464 
 465 
Fig. A4. Percentage errors involved in Young’s argument that focal length is reduced by a 466 
quarter of the removed nucleus thickness. The two lenses shown originally have a nucleus of 467 
diameter 1.0mm (i.e. b is 0.5 mm) surrounded by a shell with an outer diameter of 2.0 mm (ie a 468 
= 1.0 mm). One lens has a surround refractive index  = 4/3, a nucleus refractive index ’= 1.5 469 
and a focal length of 3.140 mm with respect to the lens center. A second lens has a surround 470 
refractive index  = 1.0, a nucleus refractive index ’= 1.5 and a focal length of 1.064 mm with 471 
respect to the lens center. The percentage errors in focal length are much greater for the second 472 
lens than for the first lens. 473 
 474 
475 
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Figures 476 
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Fig. 1 478 
 479 
 480 
Fig. 2 481 
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 489 
Fig. A1.  490 
 491 
Fig. A2.  492 
493 
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 494 
 495 
Figure A3a. 496 
 497 
Figure A3b. Representation of Figure A3a showing more parameters. 498 
 499 
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